To identify the composition of interstellar dust grains by their absorption spectra requires accurate knowledge of their optical properties. The presence of inclusions or voids within grains can alter their refractive indices. Here, we examine the suitability of applying the Maxwell-Garnett mixing theory to highly porous grains. It is found that the effective refractive index obtained for heterogeneous grains depends upon the magnetic permittivities as well as the dielectric constants of its constituent materials.
I N T RO D U C T I O N
There is growing evidence to suggest that the majority of dust particles encountered in astronomy are inhomogeneous, consisting of a mixture of distinct particles, inclusions or voids. There is no agreed structure for these heterogeneous grains, but from their evolution mechanism two different types are distinguishable: those formed in certain types of circumstellar regions may be layered (Dominik, Sedlmayr & Gail 1993) ; while grains that evolve within molecular clouds or young protoplanetary discs are subject to an aggregation of accretion and sputtering from collisions with other grains that can result in open, fractal structures (Hoyle & Wickramasinghe 1991) . Organic material recovered at altitudes of around 40 km above the Earth (Wainwright et al. 2004 ) has been found to consist of highly porous material. High-resolution Scanned Electron Microscope (SEM) pictures have shown that this material consists of low density, porous grains, with typical sizes of the order of microns (for a review see Coulson 2004) . Similar low densities have been reported from analysis of dust raised in the Deep Impact mission (Fernandes et al. 2006) .
Understanding how these inhomogeneous particles interact with radiation is, in general, a complicated problem to solve. Recently, two distinct methodologies for calculating the optical properties of heterogeneous grains have been considered: the Discrete Dipole Approximation (DDA) and extensions to the classical mixing theories of Bruggeman and Maxwell-Garnett. In the DDA, a grain is considered to be a collection of interacting dipoles and computer E-mail: coulson@aldpartners.com routines such as DDSCAT are used to aggregate the overall electrical field. This method allows grains of almost any composition and structure to be modelled; however, it requires a large number of dipoles to accurately represent surfaces and so requires considerable computing time to produce results.
The high demand of computing required by the DDA has led to most authors choosing to model heterogeneous grains by using the Bruggeman (1935) or Maxwell-Garnett (1904) mixing theories. These two mixing rules are often described as effective-medium theories as they both derive an effective dielectric constant,ε for a grain as a function of ε i , i = 1. . . N constituent dielectric constants and their respective volume fractions
The Maxwell-Garnett theory is applicable to grains which consist of a continuous material with distinct inclusions of particles of a different dielectric constant. The Bruggeman theory is used for grains composed of a mixture of particles. In general, the average dielectric function that arises from the Bruggeman theory is invariant to permutations of its composite dielectric functions ε i while the Maxwell-Garnett theory is not. For a comparison of the DDA with the Bruggeman and Maxwell-Garnett mixing rules as models for interstellar grains see Maron & Maron (2005) and Voshchinnikov, Il'in & Henning (2005) .
The Maxwell-Garnett theory was used by Coulson & Wickramasinghe (2007) to calculate the equilibrium temperatures of porous, organic grains at solar distances of 1 au. These authors found that for small grains with radii <0.1 μm, the absorption efficiency of grains increased with porosity; while grains with radii >0.1 μm, the absorption efficiency decreased as the porosity increased. In the current work, we examine the applicability of the Maxwell-Garnett theory to calculate absorption coefficients for highly porous, iron grains and derive an analytical expression for the effective refractive index.
E X T E N D I N G T H E M A X W E L L -G A R N E T T T H E O RY
The Maxwell-Garnett expression is a specific case of the calculation of a susceptibility or transport coefficient of a number of species of inclusions embedded in a continuum of a different material. The case where the inclusions are spherical is one of the oldest boundary value problems in physics (Doyle 1978) ; the MaxwellGarnett theory is equivalent to the Cluasius-Mossotti relations, with the only difference being that the inclusions in Maxwell-Garnett theory function are considered to be composed of a number of smaller particles (Bohren & Wickramasinghe 1977) .
Consider the highly idealized situation consisting of a solid medium with dielectric function ε. Uniformly distributed through this solid material are small, spherical inclusions, with i dielectric functions ε i . Defining the average electric field E(r) enclosing a volume V around an arbitrary point in the medium as
By assuming that the total average electric field can be written as the superposition of the electric field of the solid material and its inclusions. So that for a volume within the material consisting of a volume fraction of f inclusions the average electric field can be written as
Bohren & Wickramasinghe (1977) were able to derive the Maxwell-Garnett relationship
where the volume fraction f = i f i , (0 ≤ f < 1) is the volume of all inclusions. The case when f is equal to zero, corresponds to a solid homogenous material. In the simplest case, consider the inclusions to be small, spherical vacuum bubbles, the expression for ε reduces tõ
So that the volume fraction is now the void-fraction of the material and f can be consider as the parameter of porosity.
In general, the Maxwell-Garnett relationship holds between any transport coefficient averaged by volume fraction from the transport coefficients of its inclusions. Equivalent expressions for magnetic permeability, electrical conductivity, thermal conductivity and optical refractivity have been derived by various authors (for a brief review see Doyle 1978) . Implicit in all these relationships is the restriction that there is an upper limit to the density of the inclusions, above which equations (3) and (4) no longer hold.
A necessary condition for the derivation of equation (3) is that the dimensions of the inclusions are small relative to the wavelength of the incident radiation, λ. For spherical inclusions of radius a, this is equivalent to stating that the size parameter x = 2πa/λ 1. Within the limit of small x, the value for the average dielectric constant given by equation (3) or (4) is unrestricted: it can be used to calculate all optical and absorption properties of the heterogeneous material. Ruppin (2000) reviews some of the recent attempts to extend the Maxwell-Garnett theory up to values of x ≈ 1/2. Bohren (1986) notes that these extended Maxwell-Garnett theories are restricted: their uncritical application to the calculation of absorption and other optical constants may result in errors.
For a dilute solution of scatteres, Van de Hulst's (1957) and Bohren & Huffman (1983) derived an expression for the average complex refractive indexm
where k is the wave number and S(0) is the scalar scattering matrix. This expression is strictly valid in the limit |m − 1| 1. From basic electromagnetic theory ε ∼ m 2 , and in the limit of x 1, Mie scattering theory gives
Writing f = (4/3)π a 3 N for spherical inclusions, and substituting equation (6) in equation (5), in the limit of small f we find
Expanding equation (3) as a binomial series, recovers equation (7) to first order terms of f. For this expansion to converge for all complex values of ε i and ε m , f must be less than 1/2. This strong condition on f can be physically interpreted as a limit on how concentrated the solution of scatters can be for equation (7) to remain valid and provides a mathematical explanation for why the extended Maxwell-Garnett theory becomes an inaccurate approximation to the DDA when f > 0.5. It also gives a justification for why the Maxwell-Garnett approximation is not invariant to juxtaposing the continuous with the dispersed medium.
At high concentrations of inclusions, scattering from inclusioninclusion interactions becomes significant. Varadan et al. (1983) suggest that this places an upper limit on the volume fraction; however, Bohren & Wickramasinghe (1977) point out that the MaxwellGarnett expression does take account for interactions between inclusions. If one considers the inclusions to be dipoles within an applied field, for a dipole interacting with N of its neighbours, the effective dielectric function is of the form
The coefficients a i are functions of the dielectric function of the inclusions and the matrix material. Any extended Maxwell-Garnett theory that has the form of equation (8) will therefore take account of the interaction between inclusions. Extending Maxwell-Garnett theories to account for these interactions in an accurate, physically meaningful way is a harder problem.
In this current work, it will be assumed that the radius of the individual inclusions remains small compared with the wavelength of the incident radiation; for example x 1. Constraining the size of the inclusions in this manner means that the volume fraction, f, can only be increased by increasing N; the density of the inclusions within the matrix material. As alluded to above, the accuracy of extended Maxwell-Garnett theories is sensitive to the density of inclusions. The average separation between inclusions must be much less than the wavelength of the radiation so that a meaningful average of inclusions and matrix material is sampled by the resulting electric field. At very high concentrations of inclusions, the number of terms that must be included within equation (8) to effectively account for all the nearest neighbour interactions increases, making the calculation of the effective dielectric constant a harder task.
The derivation of equation (6) made use of the approximation ε ∼ m 2 , in general, the refractive index is a function of the relative permeability μ as well as the dielectric function
For homogeneous particles at visible wavelengths, the assumption that the material is non-magnetic that is μ = 1 is a good approximation. Heterogeneous materials may exhibit magnetic properties even though their inclusions are non-magnetic (Bohren 1986 ). Making no assumptions about the relative permeability, the next section derives an effective dielectric constant for heterogeneous grains containing a high density of small inclusions.
C A L C U L AT I N G T H E E F F E C T I V E D I E L E C T R I C C O N S TA N T
An effective medium is a hypothetical, homogenous material that has the same electromagnetic properties as a given heterogeneous substance. Hence, a sample of the effective medium material embedded within the composite is undetectable by radiation. Mathematically, this can be stated as saying: for a given heterogeneous material there exists an effective constant such that the sum of the scattering amplitudes in the forward (θ = 0) and the backward (θ = π ) directions both vanish. That is
A rigorous proof of this has been given by Stroud & Pan (1978) . From Mie theory, the forward scattering amplitude is given by
( Van de Hulst 1957) . Where a n and b n are the Mie Scattering functions of the electric and magnetic multipole coefficients
and
where μ and μ 1 are the permeabilities of the medium and the particle, respectively. j n and h
n are the spherical Bessel functions and the Hankel (Spherical Bessel functions of the third kind), respectively.
The above expressions for the scattering functions are not very amenable to analysis, taking advantage of the asymptotic expansions of Bessel functions in the limits x 1 and x 1 it is possible to derive approximations to a n and b n that converge after only a few terms.
In the limit x 1, the Bessel functions can be expanded as a power series in terms of μm and x (Stratton 1941) . The first terms in the series for a n and b n are:
(15) Within the Rayleigh limit, a heterogeneous sphere composed of a matrix material with small spherical inclusions is optically identical to a hollow sphere composed of the matrix material and a solid core made of the inclusion material (Bohren & Wickramasinghe 1977) , if the volume of the core is equal to the total volume of the inclusions. Expressions for a n and b n can be derived for such a solid core sphere by expanding equations (12) and (13) as functions of the inner sphere (μ, ε), the solid core (μ 1 , ε 1 ) and the volume fraction of the core f. Using the asymptotic Bessel expansions in the limit x 1, it may be possible to obtain equivalent expressions for larger spheres, for example those beyond the Rayleigh limit. Results presented by Voshchinnikov et al. (2005) suggest that this is possible if the individual inclusions in the sphere are within the Rayleigh limit.
For practical purposes, the limit x 1 can be interpreted as x ≤ 0.8 (Van de Hulst 1957), for grains absorbing at microwave wavelengths, this corresponds to a grain radius ∼1 × 10 −6 m. At these sizes x 3 x 5 , so that the leading terms of a n and b n are the dominant terms. If we consider the ratio of b 1 /a 1 , we find that the second term in b 1 the first term in a 1 , for all values of μ and ε and the second term in b 1 the second term in a 1 . The second term in b 1 ≥ the first term in a 1 , only when μ ≈ ε; in which case, the x 3 term in b 1 is much greater than the second term in b 1 . So for a heterogeneous grain, composed of a matrix material with dielectric constant ε and relative permeability μ, and volume fraction f, the forward scattering amplitude can be approximated by the x 3 coefficients in equations (14) and (15). Consider the simplest form of heterogeneous grain, a matrix material with dielectric constant ε and relative permeability μ, filled with void inclusions that can be approximated as spherical vacuuo of volume fraction f. For such grains invoking the condition of equation (10) that the inclusion of the effective dielectric constant ε and effective relative permittivityμ make the forward scattering amplitude vanish. That is 2 3 ix
Ossenkopf (1991) obtained a similar expression by taking a different combination of terms of a n and b n .
The backward scattering amplitude is
Comparing equation (17) with equation (11) it can be seen that, in general, the forward scattering amplitude is not equal to the backward scattering amplitude if the b n coefficients are non-zero. Adding equations (11) and (17) for n = 1 and combining with equation (16), we obtaiñ
Subtracting equation (11) from equation (17) and invoking equation (10) give the effective relative permittivitỹ
Substituting equation (19) in equation (18), we obtain an expression for the effective dielectric constant
A similar expression to equation (18) was derived by Chylek & Srivastava (1983) ; however they assumed that the relative permeability was equal to unity. For the case when μ = 1, we recover the familiar Maxwell-Garnett expressioñ
It is worth noting that Van de Hulst's expression for the effective refractive index (equation 7) is not equivalent to the condition of equation (10); that is the forward scattering amplitude vanishes. This suggests that the validity of equation (7) does not extend to highly porous materials (f > 1/2); while equation (10) is applicable to equation (3) and so can be extended to highly porous grains.
For prescribed values of the bulk refractive indexm(λ), the corresponding function of dielectric effective dielectric constantε and effective relative permittivityμ in equation (9) is
The average refractive index valuesm =ñ − ik for porous grains in the present approximation are then immediately available from solving the equation
We can now calculate the absorption efficiencies (Q abs ) for spherical grains of various radii using the Mie formulae ( Van de Hulst 1957; Wickramasinghe 1973 ).
A P P L I C AT I O N TO I N T E R S T E L L A R I RO N G R A I N S
Values for the real and imaginary parts of ε and μ are highly dependent on frequency and composition, for materials commonly encountered within the interstellar medium (ISM), these values may vary between 0 and ∼1000. For example, at 100 MHz, the permittivity of ferrite is ε = 14.52 − 0.24i and its permeability is μ = 23.8 − 53.8i (Mantese et al. 1996) . There is little experimental data available to show the variation of permeability and permittivity of materials over a wide range of frequencies within the published literature. Kim et al. (2005) have measured the complex permittivity and permeability of micron-sized iron grains at a range of frequencies from 0.5-10 GHz. Investigating the permittivity of iron grains over a wider range of frequencies Wu et al. (2006) found that the permittivity peaks sharply between 0.5 and 10 GHz, so that the values for ε and μ measured by Kim et al. (2005) cover the region of greatest variance in the magnetic properties of iron grains. The iron grain samples measured by Kim et al. consisted of thin flake iron particles dispersed into a rubber matrix. Since this material is already a composite with iron comprising ∼65 per cent by volume, care should be taken in extrapolating these values of ε and μ to that of pure iron particles.
Iron is the ninth most abundant element within the interstellar medium (ISM) and is expected to be an important component of interstellar dust grains (Fischera 2004) . Within the Solar system, analysis of particles recovered by the Stardust Mission (Zolensky et al. 2006 ) suggest that iron is a major constituent of cometary fragments. Pure iron grains may only account for a small fraction of the iron content of the ISM, the majority is likely to be made up of iron compounds such as oxides, silicates and other materials, so the composite iron grains studies by Kim et al. (2005) may be considered to be broadly indicative for comparison with interstellar material. For simplicity, only porous grains consisting of iron with vacuum inclusions are modelled, but the expressions derived for the effective permeability (equation 20) and the effective permittivity (equation 19) can be modified to take account of small iron inclusions within mineral grains.
For composite grains, the values for ε and μ, vary with particle radii, for simplicity, we restrict the calculations presented here to 7 μm diameter iron composite grains. Fig. 1 shows the variation of the absorption efficiency (Q abs ) with frequency for micron-sized iron grains with vacuum inclusions. For solid iron grains (f = 0), the absorption is close to zero, but increases by several orders of magnitude as the degree of porosity increases. The rate of increase is greatest between f = 0.4 and 0.6, so that absorption over microwave frequencies starts to become significant as the volume of iron within the grains becomes less than the volume of the inclusions. Physically, this can be interpreted as the interactions between the inclusions increasing the absorption of incident radiation.
The effects of not including magnetic properties of the iron grains in the calculation of the absorption are shown in Fig. 2 . For solid iron grains (f = 0), the absorption efficiency is greater if the iron grains are assumed to be non-magnetic (e.g. μ = 1) at all frequencies. The difference in absorption efficiency between the magnetic and nonmagnetic grain increases with frequency, becoming several orders of magnitude greater for frequencies above 3 GHz. So not including the magnetic properties of grains can significantly over estimate their absorption efficiencies.
For highly porous grains, the difference in absorption efficiency that arises from treating the grains as non-magnetic is slightly more complicated. Fig. 3 shows absorption efficiency plotted against frequency for highly porous grains (f = 0.8), at frequencies above ∼4.5 GHz and between 1-2 GHz the non-magnetic grains have higher absorption efficiencies, but this is reversed at points between 2 and 4.5 GHz. This suggests that the interactions between the inclusions complicate the absorption and emission of incident radiation.
C O N C L U S I O N
Porous grains have higher absorption efficiencies than equivalent sized solid particles; however, not including the magnetic properties of porous, small grains can lead to over-estimating their absorption efficiencies by several orders of magnitude. The effective refractive index of porous grains is a function of both the effective dielectric constantε and effective relative permittivityμ. For small grains (a ∼ μm), the Maxwell-Garnett theory can be modified to take account of interactions between individual inclusions within highly porous material. The only restriction placed upon the size of the individual inclusions is that they remain small compared with the wavelength of absorbing or emitting radiation (e.g. x 1). This is equivalent to the condition that there must be a continuous matrix material with the inclusions distributed within it.
Within these limits for the size of the grains and the inclusions within them, the dominant terms in the within the scattering amplitudes are the coefficients of x 3 . By invoking the condition that the forward and backward scattering amplitudes vanish when the porous grains are embedded into a hypothetical material with the effective dielectric constantε and effective relative permittivityμ, The absorption efficiency Q abs plotted against frequency for 7 μm diameter, solid composite iron grains, for example f = 0. The solid curve uses values for the magnetic permittivity obtained by Kim et al. (2005) ; the dashed curve is for solid iron grains, with the permittivity set to μ = 1, for all frequencies.
an effective refractive index for the grains can be calculated using equations (19), (20) and (23) .
Despite the simplicity of the relationship between μ andμ given by (19), the transformation space from: permittivity; to effective permittivity; to effective refractive index; to absorption efficiency can produce some surprising results, if the domain of μ is not restricted. Fig. 1 shows that the absorption efficiency for highly porous (f > 0.5) grains are much greater than for similar sized grains with lower porosities. This is consistent with models of grain absorption at infrared wavelengths obtained by Voshchinnikov et al. (2005) . If a large number of grains within the interstellar medium are porous, this implies that the amount of solid material required to produce the levels of extinction observed is less than previously thought and may remove the challenge of attempting to relate the mass of material in the ISM with the decreasing estimates of metal abundance within the solar atmosphere (Voshchinnikov et al. (2005) and references therein). The complexity of trying to match observed absorption spectra with specific grain models is illustrated by Figs 1-3: highly porous grains have higher absorption efficiencies than solid grains, but neglecting the magnetic properties of the grains can over-estimate the absorption.
The modelling of interstellar grains is complicated process due to the range of parameters that must be included. Most previous research on identifying the composition of such grains as tended to focus on particle size, while assuming that the grains are formed Figure 3. The absorption efficiency Q abs plotted against frequency for 7 μm diameter, composite porous iron grains, with vacuum inclusions of f = 0.8. The solid curve uses values for the magnetic permittivity obtained by Kim et al. (2005) ; the dashed curve is for grains, with the permittivity set to μ = 1, for all frequencies.
from a uniform, homogenous material. The need to combine the magnetic permittivity and the concentration of inclusions with the dielectric constant to determine the refractive index of a grain makes the task of using a thermal spectrum to identify a specific type of grain more uncertain.
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